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Here we provide all the missing proofs and any other parts omitted from the main text.

1 Appendix for Section 3

1.1 Intuition behind threshold for AOSp

We briefly show the intuition behind the choice of k in the k-max algorithm for AOSp. For the analysis,
assume that the samples are sorted in non-increasing order s; > s > -+ > s,.. An algorithm A, given input
(S,p), draws t ~ D and sets a threshold 7 = s;. Here, t € [r] and D is a probability distribution over the
indices of the samples. Thus, A succeeds at least in the instances where exactly one of the t largest values
of the adversarial input ends up in the online set and the (¢ + 1)*® largest ends up in the sample set. Since
the coin flips are independent, we obtain

Pr[A stops at max v;] = Ip'(1 — p), where | = E;plt].

To find the maximizer of the function f(p,1) = Ip'(1 — p), consider its derivative:
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Substituting this value for [ into f(p,l) yields an upper bound fi(p) = f};; -p~ /18P To turn it into a
practical algorithm, we wish to have an integer value of [ without a logarithmic term. The latter can be fixed
by taking an approximation. Taking the Maclaurin series of In(1 + x), substituting p = z + 1 and dropping

the higher order terms yields
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Substituting this value for [ into f(p,1) yields a lower bound fy(p) = p'/('=P). To get to an integer value,

we simply take the floor function of this expression and obtain the k-max algorithm as defined previously.
Let us be a bit more precise regarding the success guarantee after these modifications and show that it

interpolates between the two functions mentioned above. Because —ﬁ is a maximizer of f, we see that

f (p, {ﬁJ) <f (p, —ﬁ). Second, f(p,l) is increasing for | < —ﬁ and decreasing in the rest of the

. . 1 1
domain. Moreover, one can easily check that f (p, = - 1) =f (p, ﬂ) and 115 — 1 < —p < 2 for
p € (0,1). Finally, since it holds that ﬁ —1< LTlpJ < ﬁ, we get f(p, ﬁ) < f(p, {ﬁJ) Combining
all the above, we can conclude that f ( , {ﬁJ) ~ f (p, *ﬁ)



Correa, Cristi, Feuilloley, Oosterwijk, and Tsigonias-Dimitriadis: The Secretary Problem with Independent Sampling

1.2 Omitted proofs from Section 3.2.3

Proof of Lemma 2. Let I; = I5 be two instances in conflict. Consider a deterministic algorithm that succeeds
in I, meaning, this algorithm stops at the position r of the last 0. Note that at any position j < r, the
knowledge of the algorithm up to that point consists of ||I1]|1 as well as I1[1, j]. Now run the same algorithm
on I. Since the algorithm is deterministic and has the same information available at every point in time,
it must make the exact same decision at every j < r. In particular, it stops at position r. However, since
[l I2]l1 = ||I1]]1 but |Iz] > |I1], there must be a 0 after position r in I, and the algorithm fails in I5. O

Proof of Lemma 3. Let I; ~ Iy be two instances in conflict with sizes ni,ns such that ny < no. Since they
are in conflict, ||I2||1 = ||[I1]|1 and I;[1,7] = I3[1, 7], where r is the position of the last 0 of I;. Let s > r be
the last 0 of I. Consider the instance I3 such that I3[1,s — 1] = Iz[1,s — 1] and I3[s,ne — 1] = Iz[s + 1, ng],
i.e., I3 is the instance Iy without its last 0.

If I3 = I, the proof is done. Otherwise, observe that ||I5]|1 = ||I2]]1 = ||11]]1 and that I[1,7] = I3[1,7],
thus, I3 = I;. Also, I3[1,t] = I3[1,t] where ¢t € [r,s) is the position of the last 0 of I3, and therefore also
13 ed 12.

For an instance I containing at least one 0, define the operation I & 0 that maps I to a new instance
I’ which is equal to I with its last 0 removed, as above. Starting with I, we can create a sequence of
d := ny — ny instances with I, = I; © 0 such that I; = I and I; = Iy for all ¢ € [1,d 4 2]. This yields the
sequence Io, I3, ..., Ig41,Ig42 = I7, whose instances form a monotone path in the conflict graph, proving
one direction. The other direction of the proof follows similarly. O

Proof of Lemma 5. Let I be an instance of size n. By Lemma 4, an instance I’ of size n + 1 is in conflict
with I (and therefore a child of I) if it contains a 0 anywhere after the last 0 of I. Therefore, if I ends in 0,
the node corresponding to this instance has degree one, since the new 0 can only be inserted in one place.
Half of the instances of size n end in 0, so 2”~! nodes have degree one. Similarly, we see that a quarter of
the instances of size n end in 01, i.e., 2" 2 nodes have degree two. In general, for every i there are 2" ~*
instances with suffix 01°~!, and therefore, 2"~% nodes have degree i.

A node v with degree k has a suffix 01¥~1. Any child w of v has one additional 0 after the last 0 of v.
If this additional 0 occurs at the very end, the suffix of w is 0 so deg(w) = 1. If this additional 0 occurs
directly before the last 1, the suffix of w is 01 so deg(w) = 2. In general, inserting the additional 0 directly
before the i-th 1 from the end, a child is created with degree 1. O

Proof of Lemma 6. The proof of Lemma 5 reveals that the instances of degree one are exactly these which
have a suffix of 0. Summing over their weights will yield w; = 1 — p, which is the probability that the last
bit of an instance is equal to 0. In general, a node of degree i ends in 01°~'. Accordingly, the probability
that an instance with this suffix results from the sampling process is w; = p*~*(1 — p).

Now consider an instance I; with |/;| = n and deg(I) = i. Then I; has suffix 01°"!. Now consider an
instance Ip ~ I with |I3] = n+1 and deg(I2) = j for some j < i. Since Iy » Iy, Is[1,n—i+1] = I1[1,n—i+1],
since the last 0 of I; is at position n — i + 1. In particular, compared to I; the suffix 1°~! contains one
additional 0 in I. Therefore, I has suffix 0170171,

Now consider the set of all instances that have the form of instance I;. Because of the suffix 01°~!, the
weight of these instances can be computed as p*~(1 — p). On the other hand, the weight of all instances
that have the form of the instance Iy can be computed as (1 — p)p* =7 (1 — p)p/ =1 = p'~1(1 — p)2. O

Proof of Lemma 7. By Lemma 3, any two instances that are in a monotone path are in conflict, and by
Lemma 2 an algorithm can win in at most one instance of a pair of conflicting instances. O
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1.3 Omitted proofs from Section 3.2.4

Proof of Lemma 8. We adapt the proof of Lemma 2 in a straightforward manner. Let I; = I be two
instances in conflict. Consider a randomized algorithm that succeeds in I, meaning, this algorithm stops at
the position r of the last 0. Note that at any position j < r, the knowledge of the algorithm up to that point
consists of ||I1]|1 as well as I1[1,7]. Now run the same algorithm on I with the same random seed. Since
the algorithm has the same random seed and has the same information available at every point in time, it
must make the exact same decision at every j < r with the exact same probability. In particular, it stops at
position r with probability q. However, since ||I2||1 = [|[I1]]1 but |I2]| > |I1], there must be a 0 after position
r in I, and the algorithm can only reach this last 0 of Is with probability at most 1 — ¢, and therefore,
succeed in I, with probability no more than 1 — q. O

Proof of Lemma 9. This follows immediately from Lemma 5. It implies that v and w have children with the
same degree distribution and the same holds for all their descendants. O

Proof of Lemma 10. Consider the instances Iy and Iy with |I;| = |I2] and an algorithm A with I} € Ag
but I, € Ag. Since I; € Ag, its descendants are removed. On the other hand, as I5 is neither selected nor
removed, it is possible for A to select some nodes in its subtree T'(I3).

Let I be the instance of I; and I with highest degree (breaking a tie arbitrarily) and I’ be the other
instance. Now consider the subtree T' consisting of I, its deg(I’) children, and their descendants, and let T’
be the subtree of I’. Observe that degp(I) = deg(I’), and hence, as observed in Lemma 9, T and T” are
isomorphic. Since |I1]| = |I2|, they are not neighbours, and moreover, since any node has at most one parent,
T and T' are also disjoint.

Let ¢ be the isomorphic mapping between T and T and let U = Ag N'T’. Now consider the algorithm
B with Bg = As U {2} Up(U) \ ({I1} UU). By construction, for every given size n, the nodes that both
algorithms select carry the same weight, so the success guarantees are equal. O

Proof of Lemma 11. Consider an algorithm A that does not follow the small degrees first strategy. Then
there exists an instance I; € Ag and an instance Iy & Ag with |Iz| = |I1| and deg(l2) < deg([7).

Consider the part T’(I;) of the subtree T'(I) that consists of I; and its deg(l2) children of smallest
degree and their subtrees. By the structure given by Lemma 5, T"(I;) is isomorphic to T'(I3). Then the
same swapping argument as in the proof of Lemma 10 between 7" (I;) and T'(I2) exhibits another algorithm
with the same success guarantee that does follow the small degrees first strategy. O

Proof of Claim 1. We prove the claim by induction. For the base case n = Ny we have py, = 1/4+ ¢, which
corresponds to the formula of the claim. Now suppose that the lemma holds for some size n + ¢t — 1, so
Pnii—1 = (5 +¢)- Zf;} 1/2¢=1. We first determine the fraction of removed nodes in the next size n + t.
Since each node of degree 1 removes one node of the next size, the number of nodes removed for size n + ¢
is the same. However, as there are twice as many instances in total in size n + ¢, the fraction is half this
number, namely (1 +¢) - Zj;i 1/2%. The fraction of selected nodes is 1/4 + ¢, thus in total the cover ratio

becomes " .
1 — 1 1 1
= = ) —11)l=1(=z . — . O
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Proof of Claim 2. Let us consider a size n where p,, > 1/2, say p, = 1/2 + § for some § > 0. Then for size
n + 1, first, the 1/2-fraction of nodes of size n remove 1/4 of the nodes of size n 4+ 1 (since all these nodes
have degree 1). Then, by Lemma 5, the d-fraction of degree 2 nodes remove one instance of degree 1 and
one instance of degree 2 in the next size. That is, in size n + 1, a (1/4 + §/2)-fraction of the degree 1 nodes
and a ¢/2-fraction of the degree 2 nodes are removed in total.

The algorithm must now select a (1/4 + ¢)-fraction of the nodes that have not been removed. Following
the small degrees first strategy, the algorithm chooses the remaining 1/4 — §/2-fraction of degree 1 nodes,
and a §/2 + e-fraction of the degree 2 nodes. In total, p,+1 =1/2+ ¢ + ¢, and the claim follows. O

Putting everything together, we restate and prove Proposition 3.

Proposition 3. For the last zero problem with p = 1/2, no deterministic size-oblivious algorithm can have
a better success guarantee than the k-max algorithm, even if we consider only instances of size larger than
Ny, for any Ny.

Proof. Claim 2 gives p;11 > p; + € for every stap 4 in the second phase of the algorithm. Therefore, there
exists some ¢ such that p, > 3/4 —e. Therefore, the algorithm cannot select an 1/4 + ¢ fraction of the nodes
of size t. Therefore, no algorithm can achieve a success guarantee of 1/4 + ¢ for any € > 0. O

1.4 Generalization to any value of p

In this subsection, we generalize the previous results beyond the case of size-oblivious deterministic algorithms
for p = 1/2. This case is a bit more complicated, because when p # 1/2 the instances of the same size do not
have the same probability of occurring. For example, for p = 3/4, succeeding in the instance 1¥0 contributes
more to its performance for that instance size than to succeed in the instance 0**1, as the first has probability
(3/4)F(1/4) to occur and the second has probability (1/4)*+1. Recall that we associated these probabilities
as weights to the nodes in the conflict graph (cf. Definition 10).

Building on the intuition of the previous section, but using more sophisticated techniques, we show what
is the best possible success guarantee that any algorithm can achieve. We then link our k-max algorithm
for AOSp to the conflict graph of the last zero problem, such that we finally prove the main theorem of this
section: The k-max algorithm, although very simple, is optimal for AOSp for all values of p. We first focus
on deterministic algorithms and prove the optimality of the k-max algorithm there. Finally, we show how
to adapt the proof to randomized algorithms.

1.4.1 Local operators and average performance.

The main reason the proof techniques for the case p = 1/2 need to be adapted is the fact that instances of a
given size do not have the same weight anymore, and therefore, the swapping argument used in Lemma 10
and Lemma 11 no longer holds. Thus, we transform a strategy using moves that select and deselect nodes
from instances of different sizes: local operators. For a given set of selected nodes (i.e., an algorithm), these
local operators might increase the weight of selected nodes for a specific size but decrease it for another size,
yet positively contribute to the success guarantee of the algorithm in the end. To keep track of this, we
introduce the notion of the average performance of an algorithm. With a window [n,n + t] we mean the set
of instances of size 7 such that n < i <n 4+t for some ¢t > 1.

Definition 16. Consider an algorithm A for the last zero problem that selects the node set Ag. The average
performance 74 jy, n4q) of A in the window [n,n 4+ t] is the average of the performance of A in this window,
ie.,

1 . 1
TA,[nn+t] = t 1’ Z perf(AJ) = 7{‘, 1 Z Z w(v)
i€[n,n+t] i€ln,nt+t] \veAl

If the window is clear from the context, we drop this subscript and simply write 7 4.
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We will show that there exists a set of local operators that can be used to increase the average performance
of an algorithm. Informally, the proof is then completed as follows. It turns out that the k-max algorithm
applied to the conflict graph is very consistent, in the sense that it selects the same total weight for every
size. This means that its average performance is approximately equal to the infimum of its performance for
every size (i.e., its success guarantee). Therefore, if an algorithm would have a larger success guarantee than
the k-max algorithm, it would also exceed the average performance in every window. In this section, we
show that the latter is a contradiction.

We define the following two local operators.

Definition 17. Consider an algorithm A for the last zero problem and its set Ag of selected nodes and
Apg of removed nodes. Consider the window [n,n + t]. Let ¢(v) and d(v) denote the set of children and
descendants of a given node v, respectively.
The high-degree local operator can be applied if there exists a node v € Ag with deg(v) > 1/(1 — p) and
|v| € [n,n+t—1]. It transforms A into another algorithm A’ that selects Ay = AsUc(v) \ {v} and removes
r=Ar\c(v).
The low-degree local operator can be applied if there exists a v € Ag U Ag with deg(v) < 1/(1 —p) and
|v| € [n,n+1t—1]. It transforms A into another algorithm A” that selects A% = AgU{v}\ d(v) and removes
A/}% = AR ] d(’U)

The next lemma proves that these local operators improve the average performance of an algorithm in
the window. We say that an algorithm is valid if it selects at most one node along each monotone path in
the conflict graph.

Lemma 20. Consider a valid deterministic algorithm A. Applying the high-degree local operator or the
low-degree local operator to A on a window [n,n + t]| yields a new valid algorithm A" with war > 4.

Proof. Tt is clear that the new algorithm A’, obtained after applying any of the two local operators to an
algorithm A, is still valid. We prove that w4 > 74 after applying these local operators.

Consider the high-degree local operator and a node v € Ag with deg(v) > 1/(1—p) and |v| € [n,n+t—1].
After applying the operator, perf(A’,|v|) = perf(4,|v]) — w(v). By Lemma 6, the total weight of the
children of v equals deg(v)w(v)(1 — p) > w(v), since deg(v) > 1/(1 — p). Therefore, perf(A’, |v| + 1) >
perf(A, |v| + 1) + w(v) and indeed T4s > 74.

Now consider the low-degree local operator and a window [n, n+t]. We will construct a reversed sequence
Ag, A1, ..., Ap of valid algorithms that starts at A’ = Ag and ends in A = A, after some number of iterations
that we call £. We will prove that w4, <ma, foralli e {1,...,¢#—1}. Since as a base 714, < ma is clearly
true, this shows in the end that indeed w4 < w4/, which is what we need to prove.

Let v be the node the operator is applied on, so that v € Ag U Ag with deg(v) < 1/(1 — p) and
|v| € [n,n +t — 1]. For the remainder of this argument, consider only nodes in its subtree T'(v). Consider
some fixed iteration ¢ in which algorithm A; transforms into algorithm A; ;. Let U; = (4;)g \ As be the
set of nodes that algorithm A; selects but the original algorithm A does not. Let U C U; be the subset of
nodes of U; with minimum size s; and let v € U].

We will distinguish two cases. For the first case we will show that (i) |Uiy1| < |U;|, while for the
second case we will show that (ii.a) s;41 > s;, and otherwise, (ii.b) |U;/_ ;| < |U/|. In other words, every
transformation of an algorithm A; into an algorithm A;,; (i) either decreases the set of nodes that A; selects
but A does not, or (ii.a) the minimum instance size in this set has increased, and otherwise at least (ii.b)
the subset of instances of minimum size of this set decreases.

If (ii.b) happens, at some point this subset will have cardinality 1, and then (ii.a) happens. So — interjected
with some iterations in which (ii.b) happens — either |U;11| < |U;|, and otherwise the smallest instance size
in this set has increased. Since we do not modify instances outside of the interval [n,n + t], we can apply
this shrinking process only a finite number of times. This implies that in the end the set U, will be empty
after some number of iterations £. Indeed, this is the end of the sequence of algorithms since then A, = A
by construction.

Let us discuss the two cases. For any node v let ¢(v) and d(v) denote the set of its children and its
descendants, respectively.

First, if Ag Nd(u) =0, set (A;i41)g = (Ai)g \ {u}. Then clearly w4
Uiga| < |Uil.

i1 < ma,. Observe moreover that
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Otherwise, there exists a node v’ € Ag Nd(u). In this case set (Aj11)g = (Ai)g Uc(u) \ {u}. Let
us compare A; 1 to A;. First observe that perf(A’,|u]) = perf(A,|u|) — w(u), but perf(4A’, |u] + 1) =
perf(A, [ul + 1) + 32, .y w(v). Recall that each of the deg(u) children of u has a weight of w(u)(1 — p)
and that deg(u) < deg(v) < 1/(1 — p) (by Lemma 5). The total weight of the children of w is thus
deg(u)w(u)(1 — p) < w(u). So, indeed, m4,,, < ma,. Observe moreover that the set of nodes U, has
decreased by one. If |U/| = 1 was true, the instances in U], are one size larger than the instances in U;.
Otherwise, |Uj, ;| < |U]| for the same size.

In both cases m4,,, < w4, and the inductive properties stated above hold. As argued above, this means
the procedure is finite and terminates after some number of iterations £ with A, = A, and therefore, m4 < 74/,
completing the proof.

O

1.4.2 Fill-in strategy.

We introduced these local operators to prove that an algorithm called the fill-in stategy, denoted by F,
has optimal average performance. The fill-in strategy for a window [n,n + t] scans the instance sizes from

n to n + t in increasing order, selects all the non-removed instances of degree up to LﬁJ for each size
s € [n,n 4+t — 1], and all the non-removed instances for instance size n + ¢t. The following lemma follows

immediately from the local operators we defined, using a proof by contradiction.

Lemma 21. The fill-in strategy F has optimal average performance for any window [n,n +t], i.e., for all
size-oblivious algorithms A for the last zero problem and every window [n,n + t|, it holds that TF nntt] =

TA,[n,n+t]-

Proof. Consider an optimal algorithm A that is not the fill-in strategy F. There are three possibilities in
which A can be different from F.
In the first case, there exists a node v & Ag of size |v| € [n,n +t — 1] with deg(v) < {ﬁJ But in this

case, applying the low-degree operator on v to A yields a new algorithm A’ with w4/ > 74, which contradicts

the optimality of A.

In the second case, there exists a node v € Ag of size |v| € [n,n +t — 1] with deg(v) > {ﬁJ Now
we can apply the high-degree operator to strictly improve the average performance of A, and we have a
contradiction.

In the last case, there exists a node v ¢ Ag U Ag of size |[v| = n +t. But the algorithm A’ with

Ay = A; U{v} has mas > w4, which is again a contradiction. O

To prove the negative results of Theorem 2 it remains to show that the success guarantee of the fill-in
strategy F does not exceed the success guarantee of the k-max algorithm for AOSp. Therefore, we now
proceed to describe the k-max algorithm in the conflict graph.

1.4.3 The k-max algorithm in the conflict graph.

Recall that we can transform the k-max algorithm for AOSp to the last zero problem using the proof of
Proposition 1. This yields the following description of the k-max algorithm for the last zero problem: It
stops at the first 0 that arrives after it has seen the k last 1s. This means that in the conflict graph, it selects
all instances at which the last 0 is the only 0 after the k-th last 1. Denote the k-max algorithm for the last
zero problem by K for short.

To illustrate this, let p € [1/2,2/3) such that k = LﬁJ = 2, so the k-max algorithm sets the second

largest sampled value as a threshold. Thus, in any instance of the last zero problem, IC stops at the first 0
after the second-to-last 1. This implies that for any size n, it stops at the last 0 in the instances which end in
110 or 101. Indeed, these are the instances K selects in the conflict graph, and these correspond to the AOSp
instances in which the k-max algorithm stops at the online element with the maximum value. Similarly, for
p € [2/3,3/4), K stops at the last zero (i.e., succeeds) in all instances that end in 1110, 1101 or 1011, and
these form the set g of selected instances in the conflict graph.

We analyze the dynamics of I in the conflict graph in the following lemma.
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Lemma 22. Consider instances of size n > k and consider the k-mazx algorithm IC for the last zero problem,
starting at instance size k + 1 and iteratively considering instances of increasing size. For every size n > k,
= {v@Kn: o] = n,|[olls > k. deg(v) < k}.

Proof. For this proof define the m-cut suffiz of an instance I for some value m as the last m bits in case
|I| > m and as I otherwise.

Consider the conflict graph for n > k + 1 suppose by contradiction that the lemma is false. There are
three cases. In the first case, there exists a node v € Kg with ||[v||1 < k. In the second case, there exists
a node v € Kg with deg(v) > k. In the third case, there exists a node v ¢ (Kg U Kg) with ||v||; > k and
deg(v) < k.

In the first case, since there are less than k samples in the instance corresponding to v, the k-max
algorithm sets a threshold of zero and accepts the first online value. So it only succeeds in v if the first online
value is the maximum online value, i.e., v contains only one 0. Observe that ||[v||; < k means the instance
corresponding to the node contains strictly less than k& 1s. But then |v| < k + 1, contradiction.

In the second case, note that a node v with deg(v) > k has a suffix consisting of one 0 followed by at
least k 1s. In such an instance, however, the k-max algorithm fails, so v € Kg. Contradiction.

In the third case, let U = {v : v € Kg,v & K, |[v[|1 > k,deg(v) < k} and let v € argmin), {u € U}.
Denote d = deg(v) such that its suffix is 01¢~!. Consider the k-cut suffix v of v and note that v’ contains
at least one 0. Now, as long as v’ contains more than one 0, remove its last 0. Consider the unique resulting
instance v of this procedure. As its k-suffix contains exactly one 0, note that [v"| > |[v”||1 + 1 > k + 1.
Since both ||v”||; > k and deg(v”) < k, and v was the smallest (in terms of size) such node that K did not
select or remove, we know v € Kg or v” € Ki. But then as v is a descendant of v”, we know in both cases
that v € g, contradiction. O

With this lemma we can analyze the success guarantee of IC. Indeed, this yields the same success guarantee
of kp*(1 — p) as the k-max algorithm for AOSp, as proved in Lemma 1.

Lemma 23. For every n > Ny for some Ny, perf(K,n) = (1 — p)kp*, where k = LﬁJ
Proof. For a set of nodes U let w(U) = Y, ., w(u) be its total weight. We need to show w (K%) = kp*(1—p)
for all n > Ny where k = [1/(1 — p)|. We do so by first computing w (K% U R™ UKYE), where R™ = {v :
|v| = n,||v|]|i < k}. From this quantity we will subtract w (K% U R™), which will give us w (K%) as all three
sets are disjoint.

Lemma 22 shows that for every size n, K UKL = {v : |v| = n, ||v]|1 > k,deg(v) < k}. Together with the
set of nodes R™ of norm less than k, we see that K% UR™ UK% = {v: |v| = n,deg(v) < k}. Then

E

k -1
w(KRUR"UKE) =) wi=(1-p)> p'.
=1

%

Il
=)

Consider all children v of nodes of size n that have degrees 1 up to k, together with the nodes of size n + 1
with norm less than k. In the latter case v € R"™!. In the former case the parent of v is in K% U K% and
therefore v € ICZH. Therefore, IC;;le U R™*! consists of all children of nodes of size n that have degrees 1
up to k. Recalling the degree structure from Lemma 5, we see that a selected instance of degree i has one
descendant of weight w;; for all j =1,...,4. Therefore,

w(lC%UR"):w11+(w21+w22)+...+(wk1+...+wkk)
=1 -pwr +2(1 —p)wa + ...+ k(1 — p)wg

E
—

k
=(1-p)) iwi=(1-p)>Y (i+1)p,
i=1

K2

I
=)

and the instances of size n that will be selected by K have total weight

w(K%) =w(KRUR"UKE) —w (KL UR")
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k=1 k—1 ,
=(1=p) D P —(1—-p)> (i+1)p
i=0 i=0
k-1
=(1-p)) -G+ -p)p
=0
k-1
=(1-p)> [+ 1)pT" —ip']
=0
= (1-p)kp*.
This completes the proof. O

1.4.4 Connecting the fill-in strategy to the k-max algorithm.

Lemma 22 allows us to compare the performance of the fill-in strategy F to the performance of the k-max
algorithm for the last zero problem, K. In fact, they select almost the same nodes in the conflict graph.

Lemma 24. Consider a window [n,n + t].

If n > 1, then for every size s ¢ {n,n+t}, F& =K%. For sizes s € {n,n+t}, Ky C F§ (i.e., K selects
a strict subset of the set of nodes selected by F ).

Ifn=1, then F& = K} as well.

Proof. First we prove that K% is a strict subset of Fg. Suppose that both F and K start with size n > 1,
so Fpp =K% = 0. Writing k = |1/(1 — p)|, observe that F& = {v : |v| = n,deg(v) <k} and K& = {v: |v| =
n,deg(v) <k, ||v||1 > k}, completing the proof.

We will now prove that for sizes n < s <n+t, F¢ = K§. It is clear that K& C F&. We prove F§ C K¢
by contradiction, so assume there exists a v € Fg \ K%, i.e., deg(v) < k and ||v||; < k. Without loss of
generality, assume that v € argmin),| {u € F& \ K%}. We consider two cases: v has a parent w of size s — 1
or v has no parent.

In the first case, note that w & Fg. Otherwise, v € Fr and thus v € Fg, contradiction. Also note
that deg(w) < k. Otherwise, w would have suffix 01¢ for d > k, but then ||w||; > k and therefore
[lo]li > |Jw|l1 > k, contradiction. But if deg(w) < k, F would select w unless it selected a node of
whom w is a descendant, and thus w € Fr. But then also v € Fg, contradiction.

In the second case, note that nodes without a parent are exactly the nodes that have at most one 0.
In the single instance that contains no 0s, F and K make the same decision by definition, so we restrict
ourselves to instances that contain exactly one 0. Since ||v|| < k, the k-max strategy sets a threshold of 0
and succeeds, since the only 0 is the maximum online value. But then v € Sy, contradiction.

We wrap up the first part of the proof by considering the size s = n +t. Here, F selects all non-removed
nodes, while K selects all non-removed nodes v with deg(v) < k and |[v||y > k. Observe that £ = F3
and the set of non-removed nodes contains nodes of degree more than k£ and norm less than k, so indeed

Kg C Fg.
Finally, if n = 1, both F and K select instance 0 and cannot succeed in instance 1, so in this case they
select exactly the same nodes also in the first size of the window. O

Combining everything, the negative result of Theorem 2 for deterministic size-oblivious algorithms follows,
as Tk, [nn+t] = TF,[nn+t] — 2/(t + 1) and the latter term vanishes.

Theorem 2. Let k = |1/(1 —p)|. The k-maxz algorithm achieves a guarantee of kp*(1 — p) for AOSp.
Furthermore, no algorithm can achieve a better success guarantee.

Proof of the negative result for size-oblivious deterministic algorithms. To prove the theorem, suppose by
contradiction that there exists a size-oblivious deterministic algorithm A with perf(A4,n) > kp*(1 —p) +e for
some € > 0 for every size n (larger than some size Ny) with k= |1/(1—p)]. Let t > 2/ —1 and consider the
window I = [Ny, Ng + t]. Since the average performance is at least as good as the worst case performance,
mag > kpF(1—p)+e.
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Consider I and F starting at size Ny and consider the window I. First, note that Lemma 24 implies
that perf(F,s) < perf(K,s) + 1 for s € {No, Ny + t} and perf(F, s) = perf(K,s) for s € (Nog, No +t). So
mrEr < mer +2/(E+1).

Lemma 23 argues that the performance of K is very consistent, in the sense that it selects the same total
weight for every size. Therefore, mx  is arbitrarily close to kp*(1—p), since that is its worst case performance.
In particular, we can choose any & > 0 such that mx 1 < kp*(1 —p)+6 and 771 < kpF(1—p)+5+2/(t+1).

Choosing 6 < & —2/(t + 1) yields mr ; < ma,;. However, mx ; is optimal by Lemma 21. Therefore, this
is a contradiction since A cannot be better.

O

1.5 Generalization to randomized algorithms

In this subsection we adapt the above proof to randomized algorithms by generalizing Lemma 20 to the
randomized setting. The rest of the proof follows immediately from the same arguments as for deterministic
algorithms if in the definition of the average performance (cf. Definition 16) we multiply the weight of a node
by its selection probability, so extending this lemma suffices to extend the negative results to randomized
algorithms.

For a node v and a randomized algorithm A, let Ag(v) and Agr(v) be its selection probability and its
removed fraction (cf. Lemma 8), respectively. Recall that a node selected with probability Ag(v) removes a
fraction Ag(v) of its descendants.

For randomized algorithms, we define the following two local operators similar to Definition 17.

Definition 18. Consider a randomized algorithm A for the last zero problem and consider the window
[n,n +t]. Let c(v) and d(v) denote the set of children and descendants of a given node v, respectively.

The randomized high-degree local operator can be applied if there exists a node v with Ag(v) > 0,
deg(v) < 1/(1 —p) and |v| € [n,n +t — 1]. It transforms A into another randomized algorithm A’ with
As(v) =0 and AR (w) = Ag(w) + As(v) for all w € c(v).

The randomized low-degree local operator can be applied if there exists a node v with Ag(v) + Ar(v) < 1,
deg(v) <1/(1—p) and |v| € [n,n+1t—1]. Defining e =1 — Ag(v) — Ar(v) > 0, it transforms A into another
randomized algorithm A” with A%(v) = As(v) + ¢, and Ag(w) =0 and Ar(w) =1 for all w € d(v).

We say that a randomized algorithm valid if the sum of g4(v) over all vertices v of a monotone path in
the conflict graph is at most 1, for all monotone paths.

Lemma 25. Consider a valid randomized algorithm A. Applying the randomized high-degree local operator or
the randomized low-degree local operator to A on a window [n,n+t] yields a new valid randomized algorithm
A with ma > ma.

Proof. For both local operators, the claim that applying them does not decrease the average performance
follows from the arguments of Lemma 20, so in this proof we will show that both local operators result in a
valid algorithm. Let v be the node under consideration and for any node w denote by ¢, (w) and ¢,.(w) its
selection probability and its removed fraction, respectively, after applying one of the local operators.

Consider the high-degree local operator and any monotone path P = (v,v1,v9,...). Note that every
monotone path contains exactly one child of v. Then

D di(w) = qi(v) + g5 (1) + Y a5 () = 0+ (g5(v1) +as(0) + Y gs(v:) = Y gs(w)

weP 1>2 1>2 weP

So if the original algorithm was valid, so is the algorithm after applying this operator.

For the low-degree operator, note that we change ¢s(v) to ¢gs(v) +& = gs(v) +1—¢s(v) — ¢ (v) = 1 — ¢, (v).
Therefore, after applying the operator, we have gs(v) + ¢-(v) = 1. Since in general for any child w of v we
have ¢,(w) = qs(v) + ¢ (v), we see that gs(w) < 1—g¢,(w) =1—1 =0, which is what we needed to prove. [

With this lemma, the proof of the negative results of Theorem 2 is complete, except for the final assump-
tion we need to drop: The proof also holds for algorithms that are not size-oblivious.
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1.6 Generalization to non-size-oblivious algorithms

We now prove that if an algorithm is not size-oblivious, it cannot perform better asymptotically. To do so,
we first introduce a colored variant of the last zero problem. For a colored string s, its red norm ||s||, and
blue norm are the number of red 1s and blue 1s s contains, respectively.

Definition 19. The colored last zero problem is the following;

e Phase 1: An adversary picks two integers m and n, with m < n.

e Phase 2: A string of bits of length n is generated, where in each position independently the bit equals
1 with probability p and 0 otherwise.

e Phase 3: We color the entries 1 to m with red, while the entries m + 1 to n are colored blue.
e Phase 4: The red norm, blue norm and length of the string are revealed to the player.

e Phase 5: The bits of the string are presented to the player one after the other. The player chooses at
each step to continue or to stop the game. If the player continues, the next bit is presented to her.

The player wins if she stops on the last red 0 of the string.

Note that now the player has three numbers to start with: the number of red samples r := ||s||,., the
number of blue samples b := ||s||, and the size |s| = n.

Proposition 4. The colored last zero problem is equivalent to a specific instance of AOSp with known size
n. Therefore, any negative result for the colored last zero problem also holds for AOSp.

Proof. An algorithm A again only succeeds if it stops at the element of the online set with the largest value,
only that now it knows in advance how many online elements it is going to observe. Imagine now that A
is facing an instance of the following form: The first m elements are assigned a series of positive strictly
increasing values, and the remaining n —m take arbitrary negative values. Thus, in this instance A is aiming
for the last non-sampled element among the first m. This is basically the same game as the colored last
zero problem, where the red values correspond to the positive values and the blue values correspond to the
negative ones. The formal proof is almost the same as the proof of Proposition 1. O

With this analog of Proposition 1, we are going to prove the following theorem in the remainder of this
section.

Theorem 6. In the colored last zero problem, no algorithm can achieve performance kp*(1—p)+¢ on every
size n > Ny (for some No > 0) for any e > 0.

Intuitively, the colored last zero problem is not much different from the case without colors: there is still
an unknown point in the string where the algorithm should stop, and there is still a string of bits before
this point (the red bits). The only difference is that the algorithm is not size-oblivious and is also given the
total number of 1s in the last » — m bits (the blue bits). At first sight these blue 1s seem useless, because
the algorithm wants to stop before reaching them. On the other hand, the fact that an algorithms knows
how many they are, gives an indication about the size of n —m and this could be already enough to improve
the performance. We show that this is not the case. To do so, we define a slightly different conflict graph,
and study its structure to show that up to negligible terms the dynamics are the same as for the standard
conflict graph.

Modified conflict graph.

For the colored last zero problem, m basically plays the role that n was playing before. Therefore, the
different layers of the conflict graph correspond to the various sizes of m in this case, and there is a separate
conflict graph for each value of n. Note that for a given size n its conflict graph has a finite number of layers
as m varies between 1 and n.

A node of the graph is a couple (s,b), where s is a string of bits of length m, that represents the string
of red bits, and b is an integer that represents the number of blue 1s. The exact positions of 0s and 1s in the
blue bits are irrelevant for our proof, only the total number of blue 1s matters.

10
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Finally, just as before, the nodes have different weights, with the difference here that the weights also
depend on b. In particular, the weight of a node (s,b) is

. ner_b M —mM
p7+b(1_p> b( X )

Indeed, the probability that » 4+ b 1s occur in an instance of size n when sampling with probability p is
p" (1 — p)"»~"~b where r and b are the number of red 1s and blue 1s respectively. As in the conflict graph
all the instances with b blue 1s are grouped together, the weight of the combined node is multiplied by the
total number of such instances.

Conflict structure.

Now let us consider the conflicts. One can see that two nodes (s,b) and (s/,’) are in conflict if and only if
b=1V,and s » s (in the sense of the standard conflict graph). Note that for an instance and its descendants
the values b, r and n are the same. In other words, to move from size m to size m + 1 we can add a 0 in
the appropriate position, just as in Lemma 4, and monotone paths in the conflict graph determine conflicts
again.

We now study the relation between the weights of an instance and its children. Let I; be a node with a
string s of size m and let Iy be one of its children (note that I has size m + 1 and is in conflict with I).
Let p; and ps be the weights associated with these nodes. We derive from the formula above that:

pp_ (") _m-m-b

n—m

o (")) n—m
Having defined the modified conflict graph, we are now ready to show the main result of this section.
Proof of Theorem 6. Consider again the ratio ps/p1. The expected value of b is (n — m)p, but this will not

be the case for all instances that we consider. For large values of n — m though, we can apply standard
concentration arguments (see e.g. Lemma 27) and obtain that with high probability we have

(n—=—m)—(n—m)p—c¢ b2 (n—=m)—(n—m)p+e

— — )

n—m 1 n—m
which is true if and only if
1-p-e' <P <i-pye,
Y41

where ¢’ = —£—. From here it is easy to observe that when ¢ takes a value very close to 0, so does ¢'.

Furthermore, as n —m grows, &’ vanishes. Thus the modified conflict graph has the same weight distribution
as in Lemma 6 with high probability.

Therefore, with high probability, the modified conflict graph is (almost) the same as the weighted conflict
graph from Section 3.2.3. Thus, we can follow again the arguments for size-oblivious algorithms, since they all
hold in this case too. We end up with the same impossibility results, which hold here both for deterministic
and for randomized algorithms as well. O

2 Omitted proofs from Section 4

Proof of Lemma 12. Fix a sequence t and a sampling probability p. We use a coupling argument between
realizations of the arrival times in instances with n and n+1 values. We start with an instance aq, ..., 41,
and assume the values are indexed in decreasing order. Consider a realization of the arrival times 7 =
Ty, Tnt1 = Thyq and couple it with the corresponding realization 7y = 7{,...,7, = 7}, in the instance
Qq,...,0,. Assume that in the instance with n values and for this particular realization of the arrival times,
ALG; fails. This means that V'\ {a,11} is non-empty and either ALG; never stops or it accepts a value that
is not the maximum of V'\ {a,41}. Note that regardless of 7], the rankings of the values in V' \ {ay41}
are the same in both instances because a1 is smaller than all other values. Thus, if 7, < p, ALG; does

11
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not succeed either when applied in the instance of n 4 1 values. On the other hand, if 7, ; > p, we have to
distinguish between two cases. If ALG: accepts a1, it fails, because V' \ {a,41} is non-empty and then
an41 cannot be the largest in V. If ALG; does not accept ay,t1, then the behavior of ALG; in the rest of
the variables is the same as in the instance with n values and then it fails.

Since the distribution of 7,..., 7, is the same in both instances, we conclude with this argument that
the probability that ALG, fails in the instance with n + 1 values is at least as large as in the instance with
n values. O

Proof of Lemma 13. We first calculate the success probability of ALG; for fixed p and n and then take the
limit when n tends to infinity.

We say a value «; is acceptable for ALG, (for a particular realization of the arrival times) if p < 7;, for
some j € N we have that t; <7, <t;41, and oy is larger than the j-th largest value in S. Now, note that if
max V' is not acceptable for ALG,, then ALG; does not stop. This is because we restricted the sequence ¢
to be increasing, so values that arrive before max V' are not acceptable, and values arriving after max V' will
not be the best seen so far from V. We use this to decompose the success probability as follows.

P(ALG, succeeds) = P(max V is acceptable) — P(ALG, stops before seeing max V). (1)

In this definition, if V' is empty we also say maxV is acceptable. We first calculate the probability that
max V' is acceptable. Assume that the values are indexed in decreasing order, i.e., that ag > -+ > ay,.

P(max V is acceptable) = P(V = 0) + Z]P’(maxv =q;) Plt; <7 | maxV = )
i=1
" - i 1 — max{p,t;
R ) e (PR L
i=1

1-p
=p"+ Y p (1 —max{p,t;}) . (2)
i=1

By the same argument, ALG; stops before seeing max V' if and only if at least one value arrives after p
and before the arrival time of max V', and the maximum such value is acceptable.

P(ALG; stops before seeing max V)

m

3

(]

P(max V = «;) - P(maximum before maxV is acceptable | maxV = «;)

j=1
n n—1

= ZP(maX V=q) Z IP’(maX. in [p, 7;) has rank ¢ among elements that arrive in [0, 7;),
i=1 =

and arrives in [t;, 7;) ‘ maxV = aj>

n n—1 1
. 1
= E P 1 —p) E T / ]P’(max. in [p,t) has rank ¢ among elements that arrive in [0, ¢),
° — 1=Pp
j=1 i=j p

and arrives in [t;,t) ‘ maxV = aq;, 7 = t) dt

p-n S [ ()

max{p,t;}

I
M=

<
Il
N

-P(at least ¢ values arrive before ¢ | maxV = o, 7; =t) dt

p”f/,:ax{ " (By et (g, - jen) @

I
M=

t t
1

<.
Il
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n—1 1 i
. t — maxip,t; L.
:sz 1/ Ziﬂ{p }(1—Bt7n_j(z—y+1)) dt, (3)
i=1 max{p,t:} ;1

where By, (z) = > 7, (7)p'(1 — p)"~" is the CDF of a Binomial distribution of parameters p and n. Note
that for any fixed integers ¢ and j, and time ¢ € (0,1), By ,—;(i —j + 1) converges to 0 when n tends to
infinty. Therefore, replacing Eq. (2) and Eq. (3) in Eq. (1), and taking the limit when n tends to infinity,

we conclude the proof of the lemma. O

We note that as a by-product of the previous proof we can compute related statistics such as the proba-
bility that the algorithm stops. Indeed the event that the algorithm stops exactly coincides with the event
that the maximum element of V' is acceptable. This holds because first, if the maximum is acceptable, then
clearly, the algorithm stops. And, second, if the algorithm stops, then there is an acceptable element in V/
which is either the maximum or an element that arrives earlier. In the latter case, the maximum element in
V' is also acceptable since its relative rank can only be better. We thus conclude that

P(ALG, stops) = p" + Zpifl (1 — max {p,t;}) .

=1

Proof of Lemma 14. First, we relax the monotonicity constraint on the sequence of ¢;’s. The resulting relaxed
optimization problem is separable, i.e., optimizing over the entire sequence is equivalent to optimizing over
each variable independently. For each t; we get the following equivalent problem.
1
t — max{p,t;
ti

max p'~! [ 1 —max{p,t;} —
t:€[0,1] max{p,t; } j=1

1

Equivalently, we can remove the factor p'~! and restrict ¢; to be in [p, 1], obtaining

t— t
max 1—1t; —
ti€[p,1] ti i
Denoting by G;(t;) this objective function, we get that
d d2 N
—G;i(t;) = -1 dt,and — —.
at, * /t 2 a2’ Zl 7

Therefore, G;(t;) is a concave function and then the optimum is max{p,¢;}, where ¢} is the solution of
ditiGi(ti) = 0. In the original objective function ¢; appears always as max{p, t;} so there we can simply take
t7 as the solution. Now we prove that ¢t is actually increasing in 4, so it is also the optimal solution before
doing the relaxation. In fact, ¢ satisfies

/Z dt=1.

1,]1

Note that the left-hand side of this equation is decreasing in ¢}, and is increasing in ¢. Thus, necesarily
t; < iy, for all i > 1. We conclude that ¢ satisfies Eq. (2) by simply integrating on the left-hand side of
the last equation. O

Proof of Lemma 15. We study the optimal ordinal policy obtained with backward induction, and prove that
it is in fact a sequential-f-max algorithm for certain ¢. Recall that we can assume the optimal policy is
ordinal, so this algorithm will be optimal not only among ordinal algorithms.

Denote by X; = a(;) the i-th value, in the order of increasing arrival times. Denote by R(Xy,..., X;)
the relative ranks of values X1,..., X;. In what comes, we use the notation R(Xj,...,X,;) = x to condition

13
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on a particular realization z of the relative ranks. Let x be a realization of the ranks such that X; is the
maximum in V' so far, i.e., X; = maxV N {Xy,---, X;}, and has rank r among X1,---, X;. Then,

P(Xj — maxV ‘ R(X1,..., X)) :x>
= ]P’(XjH,...,Xn have overall rank at most r 4 1 ’ R(X4,...,Xj) = x)

= P(Xj+1, ..., X, have overall rank at most r + 1)
r—1 .
s

The optimal policy is to accept X if this probability is larger or equal than the probability of picking max V'
after rejecting X, if from j 4+ 1 onwards we use the optimal policy, conditional on R(Xy,...,X;) = .

Let now z’ be a realization of R(X7,...,X,41) such that the relative rank of the best of V' up to step
j +1is r. Suppose that conditional on R(X1,...,X,4+1) = «/, the probability of winning if we use the
optimal strategy from j 4 2 onwards depends solely of n, j + 1 and the relative rank r, for all possible ranks
r. Denote this conditional probability by W(n,j + 1,7). We want to inductively prove that this is in fact
true for all n, 7 and r. It is of course true in the last step, when j + 1 = n, so we do induction on j. Let z”
be a realization of R(X7y,...,X;) such that the relative rank of the best of V' up to step j is 7. We have that

P(Win after j ‘ R(Xq,....X,) = a:”)

= P(Xj+1 has relative rank > 7+ 1 ’ R(Xq,...,Xj) = :E”) “W(n,j+1,7)

+ Z P(Xj+1 has relative rank 7' | R(X71,...,X;) = 9:”)
r’'=1

r'—1

-max { W(n,j+1,7"), H

s=0

j+1l-—s
n—s

But for all z,

1

IP(X has relati k 1/ E——
j+1 has relative rank r 1

R(Xl,...,Xj):x)

This proves the inductive step. Therefore, W (n, j,r) is well defined for all n, j and r, and the optimal policy
accepts X; that has relative rank  and is the maximum so far in V' if and only if

From Eq. (4) it is easy to check that W (n, j,r) is decreasing in j for fixed n,r and increasing in r for fixed
n,j.' Therefore the optimal policy is the sequential-/-max algorithm, for ¢ defined as

r—1 .

. Jj—s _
= : > .
£(j) = max {r 15== W(n,j,r)}

This concludes the proof of the lemma. O

LAt an intuitive level it is also easy to be convinced of this: as time passes it is harder to win, and if only low values (with
large rank) have appeared, it is easier to win in the future.

14
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Proof of Lemma 16. We calculate first the probability of some events. For i € {h + 1,...,n}, denote by A;
the event that the i-th element is the largest of V and the algorithm never stops. Notice that A; is equivalent
to the event that the overall largest /(i) elements are in S, and the i-th element is the largest of V (for this
equivalence it is necessary that ¢ is non-decreasing). Therefore, we have that

P(A;) =

1 “i)—[ Yh-
HEVAS § G
7=0
Note that this is 0 if g(z) =h+1. Now, for h+1 < r <7 < n, define B, ; the event that the r-th element is
the largest among positions {h + 1,...,4} and the algorithm does not stop before i + 1. This is equivalent

to the event that the r-th element is the largest among positions {h + 1,...,4} and the largest £(r) elements
among positions {1,...,i} are in S. Thus,

P(B,.;)

ERIgE

Now, note that B, ; \ A, is the event that the r-th element is the largest among positions {h + 1,...,i}, but
not of V, and the algorithm does not stop before i + 1. Note also that A, C B, ;. Therefore, the probability

i—j

that the algorithm does not stop before i + 1 and the maximum of V' is among positions {i + 1,...,n} is
i i 1 A(r)—1 b 2(r)— 1
P Bri -P A’I" = P— . ;
Z (Brs) (4r) Z i—h H i—j h H n—j’
r=h+1 r=h+1 j=0

Conditional on this event, the probability that the number in the i + 1-th position is the largest of V is
1/(n — i), because the relative order within positions {i + 1,...,n} is independent of this event. Thus,
we obtained the probability that the ¢ + 1-th element is the largest of V' and the algorithm does not stop
before i + 1. To obtain the probability of winning in step i + 1, we have to subtract the probability that the
i + 1-th element is the largest of V, but the algorithm never stops, i.e., P(A;11). Therefore, the probability
of winning at step ¢ + 1 is

i i(ry— 1 o(r)—1

1 1 1 2(i+1)—1
n—i Z h H i—] n—h ]1;[() —h ]1;[0

r=h+1
The probability of winning at step h + 1 is slightly different, because the algorithm never stops before it. In
that case the probability of winning is

1 (hﬁ)‘l h—
n—nh i M
Adding these expressions concludes the proof of the lemma. O

Proof of Lemma 17. First we show that the function ¢ that maximizes Eq. (3), in a certain sense converges
to a function  : (0,1) — N. Then, we do a Riemann sum analysis to show that the success probability of
the sequential-f-max algorithm converges to an expression in terms of £, and then we show that this can be
equivalently expressed as Eq. (1) for some sequence ¢.

Except for terms that vanish when n tends to infinity, Eq. (3) can be rewritten as

n n A(r)— 1 A(r)— 1 A(r)— 1

1
Z Zn—z z—h i—j n—h H n—j n—h H ' (5)

r=h+1 i=r
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To find the optimal £(r) we simply maximize the following term as a function of s.

n

1 sflh_j 1 Silh_
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Between s and s + 1 the change is
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where ((n,s,h) is a positive term, so the sign of this difference is not affected by it. The other term is
decreasing in s, so F,(r, s) is maximized when this differences changes sign. In other words, it is maximized
in

) n 1 S n— j
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Now, doing a Riemann sum analysis, we have that £(7) = lim,, . £ (|7n]) satisfies

Z(T)min{seN:/:(ll_t(lt51+1>+1>dt§0}. (6)

Thus, interpreting Eq. (5) as a Riemann sum, and noting that |S|/n converges to p almost surely, we have
that the success guarantee of the optimal policy converges to
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From Eq. (6) it is clear that £ is non-decreasing, so we can define the sequence t; = inf {relp1]: o) > i}
and rewrite the limiting success guarantee in terms of it. Thus, we obtain
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If we rearrange the terms, turning the integral from ¢; to ¢;41 into the difference between the integral from
t; to 1 and the integral from ¢;,1 to 1, we obtain
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This concludes the proof, since we defined the ¢;’s in a way that they satisfy t; = max {p, t;}. O

Proof of Lemma 18. We analyze separately the sum when p = max{p, t;} and when ¢, = {p,¢;}. We call the
first part V1, which includes the terms up to ¢ = [ %], and V3 the rest.
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Interpreting these two sums as Riemann sums, we obtain
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1 cx
_ e —1
=e ¢ dz
0 xr

where the last step comes from the definition of ¢. On the other hand, we have that
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where in the last equality we omitted a term that vanishes when p tends to 1. We again interpret the sums
as Riemann sums.
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In the second equality we used the definition of ¢ and in the third one we performed a change of variables.
Summing V; and V2 we get Eq. (4). O

Proof of Lemma 19. We compute thresholds £ as follows. For the first O (ﬁ) thresholds, we find ap-
proximate solutions to Eq. (2) using binary search in the interval [1/e,1]. The left-hand side is monotone

and continuous, and is at least 1 at 1/e, and 0 at 1. With O <log (ﬁ)) iterations per threshold, we can

get solutions within an error of O(¢2(1 — p)?) of the optimal thresholds. By taking the right-hand endpoint
of the last interval in the binary search, we additionally ensure that t; < #; for each threshold we compute.
We set all the other thresholds to be equal to 1. Evaluating Eq. (2) for a given i € N takes time O(%), so the

previous computation takes in total O ( (1171))2 log (E. (11,p))) steps.

£2.

We show now that by using  we get a success guarantee of v(p) — O(g). Notice first that since t; < #;
for all ¢ € N, ALGy never stops eariler than ALG«. Now, consider a realization in which ALG¢~ succeeds
in selecting the best element in [p,1]. In the same realization, if ALG; does not succeed, then it must be
the case that for some i € N, the best element in [p, 1] arrived in [t],%;), so it was acceptable for ALG,
but not for ALG;. Since the arrival of the best element is uniform in [p, 1], we can bound the probability
that ALGy- succeeds and ALGy does not by the measure of U;en(t},?;), relative to [p,1]. We know that
tf =1— O(1/i), so the contribution of the thresholds we approximate with 1 is only O(g(1 — p)). For the

18



Correa, Cristi, Feuilloley, Oosterwijk, and Tsigonias-Dimitriadis: The Secretary Problem with Independent Sampling

thresholds for which we solve the equation, the total error is also O(e(1 — p)). Therefore, relative to [p, 1],
the measure of the set is only O(g).
O

3 Omitted proofs from Section 5

Proof of Theorem 4. Consider an instance of AOSp for a fixed unknown value of p where the player is faced
with h samples. The proof follows from the next expression for the success probability and concentration

bound. Note that for p = h/n, we can write k = {ﬁJ = {ﬁJ
Lemma 26. For a given sample set S with h values and an online set V with n — h wvalues, the k-max

algorithm with k = {ﬁJ chooses the mazimum value of the online set with probability

P[Success] = zn: L”L . hJ <Z> SaL - h (Z)ph(l -p)" ",

h=0

where p is the probability of independently sampling a value from the initial set.

Proof. Assume that the values of the adversarial input A are sorted in decreasing order oy > ag > ... > .
Let us call py, the probability that the k-max algorithm succeeds in a particular instance with h samples and
Sh the event where |S| = h. Then the total probability that the k-max algorithm succeeds equals

P[Success] = Z P[k-max algorithm wins | Sy] - P[Sh]
h=0

= hz:;)ph (Z)ph(l -p)" ",

since each value of the initial set is sampled independently with probability p. It remains to determine py,.
Conditioned on the fact that we end up with h samples, all the different labelings (as a sample or online
value) of the initial n values are equally likely to happen. There are (Z) different labelings, and each «; is
labeled as a sample in an h/n-fraction of the possible labelings and as an online value in the rest.

Observe, as in the proof of Lemma 1, that the algorithm succeeds only if ezactly one of the |n/(n — h)]
largest values of the adversarial input ends up in the online set and the (|n/(n —h)| + 1)-th largest
ends up in the sample set. To compute the number of such labelings, first consider those such that
Q1,Q2,. .., 0 /(m—h)|+1 are all labeled as samples except for exactly one. From those, we can exclude
the labelings that mark a,,/(n—p)|+1 as an online value, since in this case the |n/(n — h)|-th largest sample
is larger than all the online values. Therefore, we obtain

N IO CORONCS
[ (7 ().

and the lemma follows. O

Lemma 27 (Hoeffding (1963)). Let X1, Xs,..., X, be i.i.d. Bernoulli random variables with parameter p
and let X = (3.7, X;) /n. Then for any e > 0,

P H)_( —pn‘ > 5] < 2e~2ne”

Alternatively, by setting 6 = 262" e get that
> 1.2 . -
‘X — pn‘ < o In 5 with probability at least 1 —§ .
n
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To finish the proof of Theorem 4, let €1 and €5 be such that
(&)
e1<1—-— and &y < 2e72m,
pi-r
Note that the first value is chosen such that

2 ()7 (| ) tta-ma e

while the second is chosen such that Lemma 27 yields P HX — pn| < 1] >1—2e"2" > 1 —gy. Therefore,
with probability at least 1 — &5, we have

ng (Z)ph(l —p)" "= (Z)ph(l —p)" "

h=pn—e

Z 1-— Eg.
h=pn

Therefore, we can bound the success guarantee given by Lemma 26 as follows.

-] () 22 (o
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{ : JPLIIPJ(l—p)-(l—El)- pig (Z)ph(l—p)"_h

1-p
1

Y
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Y

ol Hla—p) 1)1 -
|- a-a - a-e).
For any given € > 0, one can take €1 and £2 that adhere to the bounds above and such that (1—¢e1)(1—g2) <

(1 — ). This yields a success guarantee that is at least 1 — ¢ times the success guarantee of the k-max
algorithm for known p. O

Proof of Theorem 5. We prove that for any € > 0, it is not possible to achieve a success guarantee of ¢.

Consider the following new game for any § > 0. The adversary selects a size n and generates an instance
of this size with increasing values. Then, the adversary again selects p appropriately, so that the probability
that there is at least one sample is at most § and the probability that there are no samples is at least 1 —¢.
Then the sampling process happens and the player faces the sequence. If at least one value is sampled, the
player automatically wins, otherwise, she wins if and only if she selects the last non-sampled value.

Consider the case where there are no sampled values. Since the player does not learn anything along the
game, any deterministic algorithm waits ¢t — 1 values before it selects the ¢-th value. A randomized algorithm
can be thought of as a distribution over the stopping times ¢. Since the domain of ¢ are all positive integers,
it is not possible that this distribution has weight at least A for every size, for any constant A > 0. Therefore,
on instances with stopping probability less than A, the player only wins with probability at most A. Such an
instance occurs trivially with probability at most 1.

Overall, in this new game, the player wins in at most § + A values. Taking e.g. § and A slightly smaller
than €/2, the success guarantee of this game is less than e.

The proof for AOSp with unknown p and n follows easily now. The adversary chooses values of n and
p as above. In case there are no sampled values, both games are the same, since in both cases the player
has the same information and the same available strategies. In case there is at least one sampled value, the
player wins in the new game with probability 1 and in AOSp with probability strictly less than 1. Therefore,
the success guarantee of AOSp is at most the success guarantee of the new game, which is less than e. O
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